QUALITY OF COINCIDENCE DETECTION AND ITD TUNING: A THEORETICAL FRAMEWORK

RICHARD KEMPTER^†, WULFRAM GERSTNER^‡, HERMANN WAGNER^∗, AND J. LEO VAN HEMMEN^† †Physik Department der TU München, Theoretische Physik, D-85747 Garching, Germany E-mail: kempter,lvh@physik.tu-muenchen.de ‡Swiss Federal Institute of Technology, Center of Neuromimetic Systems, EPFL-DI, CH-1015 Lausanne, Switzerland E-mail: Wulfram.Gerstner@di.epfl.ch ∗RWTH Aachen, Institut für Biologie II, D-52074 Aachen, Germany E-mail: wagner@tyto.bio2.rwth-aachen.de

Coincidence detector neurons increase their firing rate significantly if the input changes from random to coherent. Similarly, neurons in the avian nucleus laminaris vary their firing rate as a function of the interaural time difference (ITD). In both cases, neurons transform temporally coded input into a rate-coded output. To characterize the quality of this transformation we define a new measure, which explicitly takes noisy spike output of neurons into account. As an application, we investigate the coincidence detection properties of an integrate-and-fire (I&F) neuron in dependence on internal parameters and input statistics. We show that there is an optimal threshold and, furthermore, that there is a broad range of near-optimal threshold values. The theoretical results are applied to ITD-tuning of neurons in the laminar nucleus of the barn owl.

1 Introduction

Neurons have two basic operation modes: they can function either as integrators or as coincidence detectors. In the integration mode, the output rate changes as a function of the mean input rate and is independent of the temporal fine structure of input spike trains. Neurons act as coincidence detectors, if their mean output firing rate does depend on the temporal structure of input spike trains. Coincidence detection implies that the output firing rate is higher if spikes arrive ‘coincidently’ as compared to a random spike arrival.

There is, however, no sharp boundary that separates the two basic operation modes. It is known that the membrane time constant^{10}, the spike threshold and the number of input synapses^1 are relevant parameters. In this contribution we develop a framework that allows to assess how these parameters influence the quality of coincidence detection. We consider stochastic arrival of presynaptic spikes and ask the following question: How well can a neuron detect the degree of synchrony in the input? Can it convert a time-

In Psychophysics, Physiology and Models of Hearing, pp. 185–194. T. Dau, V. Hohmann, and B. Kollmeier, eds., Singapore, World Scientific, 1999.

coded signal into a rate-coded one? For I&F neurons we show explicitly the dependence of the precision of neuronal coincidence detection upon, e.g., the membrane time constant, the input statistics, and the voltage threshold at which an action potential is generated. The theoretical results are applied to neurons in the laminar nucleus of the barn owl. For a more comprehensive and mathematically detailed account the reader is referred to Kempter et al.^{7,8}. For a different model approach see Ref. (2).

2 Temporal Coding of the Input

Input spikes are generated stochastically and arrive at each of the N ≫ 1 synapses of a single neuron with a time-dependent rate λ^{in}(t) ≥ 0. The probability of having a spike in the interval [t, t + Δt[ is λ^{in}(t)Δt as Δt → 0. In this way we obtain a nonstationary or inhomogenous Poisson process.^8 As a specific example we consider T -periodic rates, λ^{in}(t) = λ^{in}(t + T ), where input spikes are more or less phase-locked to a periodic stimulus. Phase locked spikes are an example of a temporal code. The average number of spikes that arrive during one period at a synapse will be called p. The timeaveraged mean input rate is λ̄^{in} := 1/T ∫_{t0+T} t0 dt^′ λ^{in}(t^′) and equals p/T . To parameterize the input, we take the function

λ^{in}(t) := p ∑_∞ m=−∞ G_σ (t − mT ) (1)

where G_σ (.) denotes a normalized Gaussian distribution with zero mean and standard deviation σ > 0. At each input terminal spikes arrive with a probability density given by Eq. (1). Note that spikes arriving at different synapses are generated independently.

The standard deviation σ ∈ [0, ∞[ of the Gaussian distribution in Eq. (1) can be used to characterize the degree of synchrony of the input. In the case σ = 0, the input spikes arrive perfectly phase-locked and occur only at times t_m = mT with integer m, and the number of spikes arriving at time t_m has a Poissonian distribution with parameter p. In the case σ > 0, there is also a temporal jitter of input spikes times around the t_m.

Instead of σ, another measure of synchrony, the so-called vector strength r^{in} may be used^5. This measure can be defined as the ratio of the amplitude of the first Fourier component of the periodic rate λ^{in}(t) and that of the Fourier component of order zero. For the input given in Eq. (1) we find r^{in} = exp[− (2π/T )^2 σ^2/2]. By construction, we have 0 ≤ r^{in} ≤ 1.

For example, neurons in the avian laminar nucleus are sensitive to the degree of coherence in the input. If a neuron in an in vitro preparation is stimulated by synchronized current pulses at times T, 2T, 3T, . . . (that means r^{in} = 1), then the neuron fires at a high rate. If the same amount of current is delivered by incoherent pulses or constant input current, the neuron is much less active^{11}. In vivo, input spikes are not perfectly phase locked but have some jitter around a preferred phase. The maximum input vector strength to a neuron in the laminar nucleus of the barn owl is r^{in} ≈ 0.5 for a 5 kHz sound wave. It is achieved, if input from the left and the right ear arrives at the optimal ITD.^3 If left and right ear stimulus are out of phase, the effective input vector strength is r^{in} ≈ 0. The dependence of the output firing rate of a laminar neuron upon the relative phase of the stimulus is called the ITD-tuning curve of the neuron. We note that for different positions on the ITD-tuning curve the mean input is always the same – only the timing and, hence, the effective vector strength of the input changes.

3 Classification of Coincidence Detectors

In a standard firing rate description a neuron would be characterized by its gain function, which describes the dependence of the output firing rate upon the mean input rate. Here we take a different approach. We vary the temporal structure of the input under the constraint of a constant mean input rate, λ̄in = const. The example of ITD tuning shows that even with a constant mean input rate, a neuron’s output rate λ̄^{out} can vary as a function of the temporal structure of the input. In other words, a neuron can ‘read out’ a temporal code. In order to quantify this effect, we define two measures: the coherence gain and the quality factor.

3.1 Coherence Gain and Modulation Depth of ITD Tuning

Let us suppose we change the vector strength r^{in} of the input while keeping the mean constant. For each value of r^{in} we measure the output rate λ̄^{out}(r^{in}). We want to compare the output rate for a given vector strength, e.g., r^{in} = 0.5 with the rate for r^{in} = 0. To do so we define the coherence gain

E(r^{in}) := λ̄^{out}(r^{in})/λ̄^{out}(0) (2)

Similarly, E(1) would be the ratio between the mean firing rate for fully coherent input and the rate for completely incoherent input. E(1) ≫ 1 is commonly interpreted as signaling a good coincidence detector. A coherence gain E(r^{in} = 1) = E(r^{in} = 0.5) = 1 means that a neuron is an integrator.

The notion of coherence gain can be directly interpreted as the modulation depth of an ITD tuning curve. To see how this works, let us return to the example of a 5 kHz neuron in the nucleus laminaris of the barn owl. As we have seen at the end of the previous Section, optimal ITD (that is the maximum of the ITD tuning curve) corresponds to stimulation with vector strength r^{in} = 0.5. The minimum of the ITD tuning curve corresponds to nearly incoherent stimulation and may hence be identified with r^{in} = 0. The modulation depth M of the ITD tuning curve may be defined as the maximum rate divided by the minimum rate, hence M = E(r^{in} = 0.5). For an example of ITD tuning in a model neuron, see Fig. 2.

3.2 Quality Factor of Coincidence Detection

The coherence gain E, which is a ratio of firing rates, is in general not sufficient for characterizing coincidence detectors. The reason is that in biological systems the mean output firing rate of a neuron cannot be determined exactly within a finite amount of time. The output rate of a neuron is defined as the number of spikes occuring in a time interval divided by the length I of that interval. Since spikes occur often highly irregularly, seemingly randomly^{12}, the number of spikes in an interval shows up variability. That is to say, the estimated output rate is subject to statistical errors — the shorter I and the smaller the firing rate, the larger the error. This has to be taken into account in characterizing a coincidence detector. To illustrate the limitations of E when quantizing coincidence detection, we consider a neuron that is silent for incoherent input and has a rate of 0.1 Hz for coherent input. Even though E is infinite in this case, the neuron’s output could not be used to detect coherent input in a time interval of, say, I = 100 ms since most likely not a single spike will occur.

To overcome the shortcomings in the definition of E we introduce a more powerful notion of characterizing a coincidence detector. The output of a coincidence detector must convey a signal concerning the nature of a noisy input (coherent or incoherent) in a finite amount of time I. We assume that the number n of output spikes in I is a random quantity, which has some probability density P (n). The mean value n = ∑_∞ n=1 n P (n) is n = λ̄^{out} I, where λ̄^{out} is the mean output rate. For two different input vector strengths, e.g., r^{in} = 0 and r^{in} = 0.5, we have two different distributions P with mean values n(r^{in} = 0) and n(r^{in} = 0.5), respectively. The task is to distinguish the two cases based on a single measurement of the number n of output spikes in I. This can be done by means of a number n^′ which acts as a decision boundary. If n is larger than or equal to the criterion n^′, then we classify the input to have r^{in} = 0.5; if n is smaller than n^′, then we classify r^{in} = 0.

Now the key idea is that we have to segregate probability distributions.

If the two distributions have a large overlap, a reliable decision is impossible, whatever n^′. If the two distributions are well separated, then there is a high chance of making the right choice. The width of each distribution is characterized by the standard deviation ς. In order to quantify the discriminability of the two distributions we consider their normalized ‘distance’:

γ := n̄(r^{in}) − n̄(0) ς(r^{in}) + ς(0) = √ n̄(r^{in}) − √ n̄(0) . (3)

For the second equality sign we have used that we have ς^2 = n for Poisson distributed numbers. A Poisson distribution is a good approximation if spiking is driven by the variance of the neuron’s input^{13}. We call γ the quality factor for coincidence detection^a. Using the definition of the coherence gain E [cf. Eq. (2)] we obtain from Eq. (3) γ = √ I λ̄^{out}(0) (√ E(r^{in}) − 1 ) . (4)

Equation (4) shows how the γ increases with increasing length of the time interval I, the mean output rate λ̄^{out}(0), and the coherence gain E(r^{in}). It is important to realize that λ̄^{out}(0) and E(r^{in}) are not independent variables.

4 Integrate-and-Fire Neurons

As a specific example we study the coincidence detection properties of an integrate-and-fire (I&F) neuron that receives stochastic input spike trains through N independent channels as specified in Sec. 2. We show that there is an optimal threshold for coincidence detection and that there is a broad range of near optimal threshold values. Fine tuning is not necessary. Finally, we show how the quality factor depends on neuronal parameters such as the width of the EPSP, the number of synapses N, and the mean input rate p/T = λ̄^{in}. Based on an analytical expression for the quality factor we discuss coincidence detection as performed by laminar neurons.

4.1 Neuron Model

The I&F unit fires, if its membrane potential u approaches the threshold ϑ from below. This defines a firing time t^n with integer n. After an output spike, which need not be described explicitly, the membrane potential is reset

aMultiplying the quality factor γ by a factor 2 we obtain a quantity similar to the index d^′ commonly used in psychophysics, where d^′ is a measure of the discriminability of a signal in noise^6.

to 0. Between two firing events the membrane voltage changes according to the linear differential equation d dt u(t) = − 1 τ_m u(t) + i(t) , (5)

where i is the total input current and τ_m > 0 is the membrane time constant. The input is due to presynaptic activity. The spike arrival times at a given synapse j, with 1 ≤ j ≤ N, are labeled by t^f_j where f = 1, 2, . . . is a running spike index.

Each presynaptic spike evokes a small postsynaptic current (PSC) which decays exponentially with time constant τ_s > 0. All synapses are equal in the sense that the incoming spikes evoke PSCs of identical shape and amplitude. The total input of the neuron is then taken to be i(t) = τ^{−1}_s ∑_N j=1 ∑ f exp[−(t − t^f_j )/τ_s]θ(t − t^f_j ) where θ(.) denotes the Heaviside step function with θ(s) = 1 for s > 0 and θ(s) = 0 for s ≤ 0. It appears because of causality. We substitute the total input into Eq. (5) and integrate. This yields the membrane potential at the hillock, u(t) = ∑_N j=1 [∑ f ϵ(t − t^f_j ) ] + ∑ n η(t − t^n) . (6)

The first term on the right in Eq. (6),

ϵ(s) = τ_m/(τ_m − τ_s) [exp (−s/τ_m) − exp (−s/τ_s)] θ(s) , (7)

describes the time course of an excitatory postsynaptic potential (EPSP). If τ_s = τ_m, we have instead of Eq. (7) the so-called alpha function, ϵ(s) = (s/τ_m) exp(−s/τ_m) θ(s). The second contribution to Eq. (6), η(s) = −ϑ exp (−s/τ_m) θ(s), accounts for the reset of the membrane potential after each output spike and incorporates neuronal refractoriness.

4.2 The Threshold is not a Critical Parameter for Coincidence Detection

In a series of simulations, we have driven neurons by stochastic spike arrival generated at the time-dependent rate as given in Eq. (1). Figure 1 shows the quality factor γ as a function of the threshold ϑ. For various combinations of neuronal parameters (a–f in Fig. 1) there is always an optimal choice for ϑ that maximizes γ. Furthermore, γ exhibits a broad maximum and therefore depends only weakly on ϑ. In other words, the exact value of ϑ is not a critical parameter for coincidence detection. In contrast to that, γ varies strongly, if we change, e.g., the neuronal time constants τ_m and τ_s, the number N of synapses, or the number p of inputs spikes per period T , where p/T = λ̄^{in}. We note that the mean output rate also depends strongly on ϑ. Along each

Figure 1. Coincidence detection properties depend on the value of the spiking threshold for different scenarios (a)–(f) of simulation parameters. The quality factor γ [in units of T^{−1/2}I^{1/2}, logarithmic scale; cf. Eq. (4)] shows a maximum always above the mean voltage ū∞ = ϑ_0, where ū∞ = N λ̄^{in} τm = 200. In practical situations it is immaterial, though, whether we take, e.g., ϑ_1 = 207 or ϑ_2 = 213. That is to say, the choice of the threshold is not critical because the maximum is broad. Simulation parameters are: (a) τm = τs = T/4, Np = 800; (b) τm = τs = T/2, Np = 400; (c) τm = T/2, τs = T , Np = 400; (d) τm = τs = T , Np = 200; (e) τm = 2 T , τs = T , Np = 100; (f) τm = τs = 2 T , Np = 100. To simplify comparison, parameters have been chosen so that the mean input current and, hence, ū∞ does not change between one simulation and the next. Each point corresponds to 10^4 output spikes (taken from Ref. 8).

graph in Fig. 1 the output rate λ̄^{out}(0) varies by orders of magnitudes (data not shown).

Why is there an optimal threshold? If the threshold is low, the neuron basically acts as an integrator and is not sensitive to the temporal structure of the input. Hence, the coherence gain E is unity and the right-hand side of Eq. (4) vanishes. On the other hand, for very high values of ϑ the firing rate λ̄^{out} approaches zero and so does the right-hand side of Eq. (4). Hence there must be an optimal value of ϑ in between. The idea dangling in the background is that of stochastic resonance^{14}. Because of the stochastic spike arrival the membrane potential will always fluctuate around its asymptotic mean u. The optimal threshold is around ϑ ≈ u + Δu where Δu is the standard deviation of the fluctuations^9.

In contrast to the quality measure γ, the coherence gain E increases monotonically with ϑ.^{7,8} Using the coherence gain E as a measure for coincidence detection, we would therefore have totally missed the fact that there is an optimal threshold.

4.3 Analytical Expression for the Quality Factor

We are going to discuss and simplify a mathematical expression^8 for the quality factor of an I&F neuron at its optimal threshold. For N λ̄^{in} τ_m ≫ 1 an approximation to the maximum value of the quality factor is

γ_{opt} ≈ r^{in} √ 2 N λ̄^{in} τ |ϵ̃(ω)| A τ · √ I τ^{dec} + τ^{ref} 4 √ 54π . (8)

The term r^{in} √ 2 N λ̄^{in} τ |ϵ̃(ω)|/(A τ) on the right in Eq. (8) is the signal-to-noise ratio of the membrane potential of a neuron that receives spike input with vector strength r^{in} (cf. Sec.2) and rate λ̄^{in} through N synapses. The symbol τ denotes the width of the integration window of a neuron (that can be approximated by the full width at half maximum of the EPSP), |ϵ̃(ω)| is the absolute value of the Fourier transform of the EPSP at frequency ω = 2π/T , A is the amplitude of the EPSP, I is the length of a time interval, τ^{dec} is the time necessary for a decay of any fluctuation in the membrane voltage of the neuron (which is of the same order of magnitude as τ_m), and τ^{ref} is the refractory period of the neuron. Equation (8) remains valid as long as the signal-to-noise ratio is smaller than or at least of order of 1.

We now simplify Eq. (8). Using τ_m = τ_s the EPSP in Eq. (7) reduces to an alpha function. The absolute value of the Fourier transform then is |ϵ̃(ω)| = τ_m/ ( 1 + ω^2τ^2_m ) . If τ_m exceeds T , we obtain |ϵ̃(ω)| ≈ 1/(ω^2 τ_m).

Following Kempter et al.^8 we take τ^{dec} = 3/2 τ_m, τ^{ref} = 2τ_m, A √ τ = √ τ_m/2 for I&F neurons, and are left with

γ_{opt} ≈ C r^{in} √ N λ̄^{in} I (T/τ_m)^2 (9)

where C = 8.3 · 10^{−3}. The membrane time constant τ_m and the number N of synapses are the relevant neuronal parameters for coincidence detection. Furthermore, the statistics of the input (r^{in}, λ̄^{in}, and T ) as well as the width of the time interval I determine a neuron’s ability to read out a temporal code. The dimensionless fraction of time scales T/τ_m enters quadratically.

4.4 Application to Laminar Neurons

The membrane time constant (=decay time of the EPSP) of neurons in the nucleus laminaris is extremely short whenever the neuron is depolarized above resting potential. This is due to an outward rectifying current^{11}. The data of Reyes et al.^{11} on chicken – not an auditory specialist – suggest a time constant in the range of 0.2–0.5 ms, but for barn owls it may be even shorter. We therefore take τ_m = 0.1 ms.^4 We consider a neuron in the 5 kHz channel, hence T = 0.2 ms. As for the other parameters, N = 200, λ̄^{in} = 500 Hz, and r^{in} = 0.5 are reasonable^3. We suppose an interval or ‘waiting time’ of I = 100 ms. From Eq. (9) we get an estimate γ_{opt} = 1.7. In simulations with optimal threshold we obtain γ = 0.9 (Fig. 2), which is off by a factor of two.

Figure 2. Numerical simulation of an I&F unit with parameters as given in Sec. 4.4 for a laminar neuron. We have plotted the output rate as a function of the ITD for four different threshold values (ϑ = 8, 7, 6, 5 from bottom to top). To obtain ITD tuning curves, we have divided the synapses into two groups, viz., left and right, and ‘delayed’ one with respect to the other by the ITD as plotted on the horizontal axis. The minimum output rate is always at ITD = T/2, where input spikes arrive almost randomly with an effective input vector strength r^{in} ß 0 [λ̄^{out} = 5.7, 43, 270, 1100 Hz]. The maximum output rate for coherent input (r^{in} = 0.5) occurs at ITD = m T with integer m [λ̄^{out} = 10, 70, 370, 1260 Hz]. Though for different threshold values we obtain different coherence gains and output rates, which vary by orders of magnitude, the quality factor does not change that much (γ = 0.2, 0.6, 0.9, 0.7). Data points have been obtained by measuring the number of output spikes in a time interval of 10 s.

What does a quality factor of γ ≈ 1 mean? We remind the reader of the definition of γ in Eq. (3). The quality factor measures the distance between the spike count distributions for random and coherent input. For γ = 1 the two distributions are just distinguishable and for γ ≫ 1 they are well separated^6.

Even for values of γ smaller than 1, the system as a whole could still function as a coincidence detector, if there is a pool of neurons operating in the same pathway and receiving the same type of input. A system can either use the output spike count of a single neuron in an interval I or count the number of spikes of L statistically independent, identical neurons operating in the same pathway during a period of time I/L.^4

Equation (9) is rather general and could be applied just as well to cortical neurons. With a realistic set of parameters, we^8 find that cortical neurons are as good in reading out a 40 Hz signal as laminar neurons are in reading out a 5 kHz signal, a result that may stimulate further discussions on the role of cortical neurons (integrator or coincidence detector)^{1,10}.

Acknowledgments

RK has been supported by the Deutsche Forschungsgemeinschaft (DFG) under grant number KL 608/10-1.

References

1. M. Abeles. Role of the cortical neuron: Integrator or coincidence detector? Isr. J. Med. Sci., 18:83–92, 1982.

2. H. Agmon-Snir, C.E. Carr, and J. Rinzel. The role of dendrites in auditory coincidence detection. Nature, 393:268–72, 1998.

3. C.E. Carr and M. Konishi. A circuit for detection of interaural time differences in the brain stem of the barn owl. J. Neurosci., 10:3227–46, 1990.

4. W. Gerstner, R. Kempter, J.L. van Hemmen, and H. Wagner. A neuronal learning rule for sub-millisecond temporal coding. Nature, 383:76– 8, 1996.

5. J.M. Goldberg and P.B. Brown. Response of binaural neurons of dog superior olivary complex to dichotic tonal stimuli: Some physiological mechanisms of sound localization. J. Neurophysiol., 32:613–36, 1969.

6. D.M. Green and J.A. Swets. Signal Detection Theory and Psychophysics.

Krieger, Huntington, 1974.

7. R. Kempter. Hebbsches Lernen zeitlicher Codierung: Theorie der Schallortung im Hörsystem der Schleiereule. Naturwissenschaftliche Reihe, Vol. 17. DDD, Darmstadt, 1997. TU München, Dissertation.

8. R. Kempter, W. Gerstner, J.L. van Hemmen, and H. Wagner. Extracting oscillations: Neuronal coincidence detection with noisy periodic spike input. Neural Comput., 10:1987–2017, 1998.

9. R. Kempter, W. Gerstner, and J.L. van Hemmen. How the threshold of a neuron determines its capacity for coincidence detection. BioSystems, 48:105–112, 1998.

10. P. König, A.K. Engel, and W. Singer. Integrator or coincidence detector?

The role of the cortical neuron revisited. Trends Neurosci., 19:130–7, 1996.

11. A.D. Reyes, E.W. Rubel, and W.J. Spain. In vitro analysis of optimal stimuli for phase-locking and time-delayed modulation of firing in avian nucleus laminaris neurons. J. Neurosci., 16:993–1007, 1996.

12. C.F. Stevens and A.M. Zador. Input synchrony and the irregular firing of cortical neurons. Nature Neurosci., 1:210–7, 1998.

13. T.W. Troyer and K.D. Miller. Physiological gain leads to high ISI variability in a simple model of a cortical regular spiking cell. Neural Comput., 9:971–83, 1997.

14. K. Wiesenfeld and F. Moss. Stochastic resonance and the benefits of noise: From ice ages to crayfish and SQUIDs. Nature, 373:33–6, 1995.